In this article we study the fixed point properties of digital images. Moreover, we prove the Lefschetz fixed point theorem for a digital image. We then give some examples about the fixed point property. We conclude that sphere-like digital images have the fixed point property. MSC: 55N35; 68R10; 68U05; 68U10
Introduction
Digital topology is important for computer vision, image processing and computer graphics. In this area many researchers, such as Rosenfeld, Kong, Kopperman, Kovalevsky, Boxer, Karaca, Han and others, have characterized the properties of digital images with tools from topology, especially algebraic topology.
The homology theory is the major subject of algebraic topology. It is used in the classification problems of topological spaces. The simplicial homology is one of the homology theories. Homology groups are topological invariants which are related to the different ndimensional holes, connected components of a geometric object. For example, the torus contains one -dimensional hole, two -dimensional holes and one -dimensional hole.
The Lefschetz fixed point theorem is a formula that counts fixed points of a continuous mapping from a compact topological space X to itself by means of traces of the induced mappings on the homology groups of X. In , Lefschetz introduced the Lefschetz number of a map and proved that if the number is nonzero, then the map has a fixed point. Since the Lefschetz number is defined in terms of the homology homomorphism induced by the map, it is a homotopy invariant. As a result, a nonzero Lefschetz number implies that each of the maps in the given homotopy class has at least one fixed point. The Lefschetz fixed point theorem generalizes a collection of fixed point theorems for different topological spaces. We will work entirely with digital images that are digital simplicial complexes or retracts of digital simplicial complexes.
Arslan et al. [] introduced the simplicial homology groups of n-dimensional digital images from algebraic topology. They also computed simplicial homology groups of MSS  . Boxer et al. [] expanded the knowledge of simplicial homology groups of digital images. They studied the simplicial homology groups of certain minimal simple closed surfaces, extended an earlier definition of the Euler characteristics of a digital image, and computed the Euler characteristic of several digital surfaces. Demir Karaca and Ege [] studied some results related to the simplicial homology groups of D digital images. They showed that if a bounded digital image X ⊂ Z is nonempty and κ-connected, then its homology groups at the first dimension are a trivial group. They also proved that the homology groups of the operands of a wedge of digital images need not be additive. Ege and Karaca [] gave characteristic properties of the simplicial homology groups of digital images and then investigated the Eilenberg-Steenrod axioms for the simplicial homology groups of digital images. This paper is organized as follows. The second section provides the general notions of digital images with κ-adjacency relations, digital homotopy groups and digital homology groups. In Section  we present the Lefschetz fixed point theorem for digital images and provide some of its important applications. In the last section we make some conclusions about this topic.
Preliminaries
Let Z be the set of integers. A (binary) digital image is a pair (X, κ), where X ⊂ Z n for some positive integer n and κ represents certain adjacency relation for the members of X. A variety of adjacency relations are used in the study of digital images. We give one of them. Let l, n be positive integers,  ≤ l ≤ n and two distinct points
if there are at most l distinct coordinates j, for which |p j -q j | =  and for all other coordinates j, p j = q j . The number of points q ∈ Z n that are adjacent to a given point p ∈ Z n is represented by a k l -adjacency relation.
From this viewpoint, the k  -adjacency on Z is denoted by the number  and k  -adjacent points are called -adjacent. In a similar way, we call -adjacent and -adjacent for k  and k  -adjacent points of Z  ; and in Z  , -adjacent, -adjacent and -adjacent for k  , k  and k  -adjacent points, respectively. A κ-neighbor of p ∈ Z n is a point of Z n which is κ-adjacent to p, where κ is an adjacency
if and only if for every pair of different points x, y ∈ X, there is a set {x  , x  , . . . , x r } of points of a digital image X such that x = x  , y = x r and x i and x i+ are κ-neighbors where 
For a digital image (X, κ) and its subset (A, κ), we call (X, A) a digital image pair with κ-adjacency. If A is a singleton set {x  }, then (X, x  ) is called a pointed digital image.
is said to be κ-contractible if its identity map is (κ, κ)-homotopic to a constant functionc for some c ∈ X, where the constant function c : X − → X is defined byc(x) = c for all x ∈ X.
(ii) Let (X, A) be a digital image pair with κ-adjacency. Let i : A − → X be the inclusion function. A is called a κ-retract of X if and only if there is a κ-continuous function r :
Definition . []
Let S be a set of nonempty subsets of a digital image (X, κ). Then the members of S are called simplexes of (X, κ) if the following hold:
(a) If p and q are distinct points of s ∈ S, then p and q are κ-adjacent.
Let P be a digital m-simplex. If P is a nonempty proper subset of P, then P is called a face of P. We write Vert(P) to denote the vertex set of P, namely the set of all digital -simplexes in P. A digital subcomplex A of a digital simplicial complex X with κ-adjacency is a digital simplicial complex [] () If P belongs to X, then every face of P also belongs to X. () If P, Q ∈ X, then P ∩ Q is either empty or a common face of P and Q.
The dimension of a digital simplicial complex X is the largest integer m such that X has an m-simplex. C κ q (X) is a free abelian group [] with basis of all digital (κ, q)-simplexes in X.
We recall some important examples about digital homology groups of certain digital images.
 be a digital image with -adjacency.
In [] , it is shown that digital homology groups of X are: () H κ q (X) is a finitely generated abelian group for every q ≥ .
is a free abelian group, possible zero.
In []
, it is proven that for each q ≥ , H κ q is a covariant functor from the category of digital simplicial complexes and simplicial maps to the category of abelian groups. 
The Lefschetz fixed point theorem for digital images
A digital image (X, κ) is said to have the fixed point property if for any (κ, κ)-continuous function f : (X, κ) − → (X, κ), there exists x ∈ X such that f (x) = x. The fixed point property is a topological invariant, i.e., is preserved by any digital isomorphism. The fixed point property is also preserved by any retraction. The Lefschetz fixed point theorem determines when there exist fixed points of a map on a finite digital simplicial complex using a characteristic of the map known as the Lefschetz number.
Definition . For a map f : (X, κ) − → (X, κ), where (X, κ) is a digital image whose digital homology groups are finitely generated and vanish above some dimension, the Lefschetz http://www.fixedpointtheoryandapplications.com/content/2013/1/253 number λ(f ) is defined as follows:
Theorem . Let G be a free abelian group, and let  G : G → G be the identity homomorphism. Then tr( G ) = rank(G), where tr( G ) is the trace of  G .
Proof Since G is a free abelian group, the rank of G is ; i.e., we have rank(G) = . Moreover, the trace of  G is  because  G : G − → G is the identity map and has an identity  × -matrix [] . So, we have rank(G) = tr( G ).
Theorem . If (X, κ) is a finite digital simplicial complex, or the retract of some finite digital simplicial complex, and f : (X, κ) − → (X, κ) is a map with λ(f ) = , then f has a fixed point.
Proof Suppose that f has no fixed points. Then we must show that λ(f ) = . The approach would be to show that all tr(f * :
For this purpose, we need the following which is called the Lefschetz principle:
To compute the digital homology groups of (X, κ), we use digital simplicial chains C κ i (X). Since f has no fixed points and (X, κ) is compact, f must move points at least a fixed positive distance, say δ. Then we use simplexes which have diameter less than δ/, and we approximate f by a digital simplicial map g so that pointwise g is within δ/ of f . We may assume that δ is so small that g is homotopic to f , so we may as well assume that g = f . Because f moves points at least δ and our digital simplexes are at most δ/ in diameter, it is impossible for f to map any digital simplex to itself, so it is immediate that for all k, For all q > , it follows from Example . that f * is a zero map. Thus we have
Since λ(f ) =  = , Theorem . implies that f has a fixed point. As a result, twodimensional Brouwer fixed point theorem holds for digital images.
We conclude now by showing that the fixed point property is a topological property; i.e., two topological spaces which are topologically equivalent to each other either both have or both lack the fixed point property. Because one of the main goals of topology is to discover what properties are maintained when moving between topologically equivalent spaces, this is an incredibly important proposition to make. 
respectively. However, since X has the fixed point property, f - (h(f (x))) = x for some x ∈ X.
, proving that h has a fixed point, namely f (x).
Corollary . The fixed point property is a topological invariant for digital images.
Theorem . Let (X, κ) be any digital image, and let f :
Proof If X is κ-contractible, then we have f κ,κ  X . So, X and a single point image have the same digital homology groups. Hence we have Proof Let (A, κ) be a digital κ-retract of (X, κ). Then there exists a digital κ-retraction map r such that r • i =  (A,κ) , where i : (A, κ) − → (X, κ) is an inclusion map. Since (X, κ) has the fixed point property, every (κ, κ)-continuous function f : (X, κ) − → (X, κ) has a fixed point, that is, there exists a point x ∈ X such that f (x) = x. We have
Hence there is a point x ∈ (A, κ) such that h(x) = x, where h = r • f • i. As a result, (A, κ) has the fixed point property. Proof Let u be the common base point. For sufficient condition, suppose f : A ∧ B − → A ∧ B, and let us assume that f (u) ∈ A and f (u) = u. Let g : A − → A be p, the projection of
On the other hand, if f (a  ) ∈ B, then
contrary to the assumption that f (u) ∈ A -B. So, f has the fixed point. Necessary condition follows from Theorem ..
The boundary Bd(I n+ ) of an (n + )-cube I n+ is homeomorphic to n-sphere S n . This allows us to represent a digital sphere by using the boundary of a digital cube. We use  n to denote the origin of Z n . Boxer [] defines sphere-like digital image as follows:
Converse of the Lefschetz fixed point theorem need not be true for digital images. Let us see this. 
since φ  , φ  : Z − → Z are the identity functions. Thus λ(φ) = , but φ has the fixed point. As a consequence, we have the following corollary.
Corollary . Converse of the Lefschetz fixed point theorem need not be true for digital images.
Now we compute the Lefschetz number of S  . We define and sketch it. We define a digital version of the real projective plane RP  via a quotient map from S  with antipodal points. Denote the digital projective plane by P  . We calculated the Lef-
